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Scattering Theory and Properties of Block Copolymers with
Various Architectures in the Homogeneous Bulk State
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ABSTRACT: We have developed a general theory to predict the scattering profiles in the homogeneous state
and the phase separation behavior of multiblock copolymers having various architectures such as “linear”,
“comb”, and “star”. We found that the scattering intensity versus angle in the homogeneous state has a universal
slope at small angles independent of the architecture of the block copolymers. The position of the maximum
intensity is almost independent of the number N of sequences, and its amplitude rapidly reaches a plateau
value, indicating that the microphase separation for N = 20 is independent of N. Detailed calculations concerning
the molecular dimensions and conformations and the thermodynamic behavior of the three types of the
multiblock copolymer architectures have been performed based on fundamental variables such as the radius
of gyration of each block, the composition, the degree of polymerization, the number of sequences, and the
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Introduction

Block copolymers at the homogeneous state have been
the subject of extensive theoretical studies,’!? but usually

0024-9297/88/2221-1449$01.50/0

the authors have restricted their interest to copolymers
made only of a few blocks.
In this paper we would like to generalize these known
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results to copolymers made of many blocks, identical or
not. These types of copolymers correspond to polymers
prepared by polycondensation or polyaddition of two
different types of monomer units and are of considerable
industrial interest. Polymers made of hard and soft seg-
ments belong to this category, and scattering studies of this
type of materials in the amorphous state could bring useful
information allowing a better understanding of their
structures and properties.

In the first part we shall summarize what is known about
general properties of copolymers that are independent of
their architecture. In the second part we shall discuss the
properties that are specific of copolymers made of many
blocks, emphasizing the case where the number of mono-
mer units can be considered as infinity.

General Laws of the Scattering and Properties of
Copolymers in Homogeneous Bulk State

Scattering Equations of Copolymers. Assuming that
the scattering due to compressibility is negligible, the in-
tensity scattered by copolymer chains is given by

(@-0)'(q) =

Zuian,-(q) 2X
Srin 2P (@ Tving 2P (@) - [ZvinannPian(@]?  Zuiny
(1)

This formula is written for a system containing copolymers
made of two kinds of monomers, which shall be called a
and b, respectively. They are »; molecules of species :
having n; monomers from which n;, and ny, are of types
a and b, respectively (n; = n;, + n;). These monomers are
not taken here in the classical sense of polymer chemistry.
They are subunits having the same volume and charac-
terized by a scattering length (or index of refraction of
electron density) a and b, respectively. The quantity x is
the interaction parameter, following Flory!? between two
units of different nature. The quantities P;(g), P,(q),
P;.(q), and P;,;,(q) are the structure factors of the molecule
of type i. P.(g) corresponds to the whole polymer and is
defined as

1w
Pq) = e g Z=ll (exp(-igFy)) (2)

where 7, is the distance between the monomeric units j
and k and § is the scattering vector, its module being 47 /A
sin (6/2), with X the wavelength of the incident beam and
6 the scattering angle.

The quantities P;,(q) and P, (q) are of the same form
as P;(g), the summation being limited to the a or to the
b type of monomer. P,,;(q) is a cross term for which j is
an a segment and k a b segment
Nig Ny
2 2 (exp(-igFj,)) (3)

b j=1 k=1
All the P(g)’s are such that P(0) = 1 and the relation
n?P(q) = n;"Pip(q) + nip’Py(q) + 2n;nipPib(q) (4)

is always obeyed. Equation 1 can be used even if some of
the molecules of the system are homopolymers.

In the case of a monomolecular copolymer, we shall
introduce, in order to simplify eq 1, the composition of the
copolymer u = n,/(n, + ny) = n,/n, v = (ny/n),
(u + v = 1), and a reduced scattered intensity which will
be defined as the intensity scattered per monomeric unit
divided by the square of the contrast factor, (@ — b)?

@ =2 _1
g nv (a-—b)2

Piylg) =

(5)
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With these notations eq 1 reduces to
1 P(q)
g nu(P,(q)Py(q) -

- 6
abz(Q)) ( )

or

i) = nuv?[P,(q)Py(q) — Pap2(q)] -
Y7 P@) - 2xu? P, (@)Py(q) - Pa?(q)]

Scattering by a Monomolecular Block Copolymer.
1. Behavior at Small Angles. All P(g)’s are equal to
unity for ¢ = 0, i(0) = 0. This can be explained qualita-
tively by saying that in such a system there are no con-
centration fluctuations in a large volume since its com-
position is always the composition of the copolymer. If
we expand i(q) as function of ¢ we obtain

i(g) = nuv¥(q®/3)(2R,,%2 - R,2 - RD) (8)
where R,? and R,? are the radii of the gyration of parts a

and b of the copolymer and R,;? is cross term obtained by
writing

Pa(g) =1-(¢®/3)R,? 9

It has been established!* that the quantity in parentheses
on the right-hand side of eq 8 has a very simple geometrical
meaning. If we call G, the center of mass of part a of the
copolymer and Gy, the same quantity for segment b, we
have

G,Gy? =L*=2R,?-R,2-R? (10)
From eq 8 and 10 we obtain
i(q) = nuv*(q®/3)L* (11)

The initial slope of the absolute intensity plotted as a
function of g® gives the average of the squares of the dis-
tance between the centers of mass of the a and the b
segments. This shows clearly that for a copolymer with
randomly distributed monomer G, and Gy, coincide and
the scattered intensity will be very weak and practically
nonexistant.

2. Intermediate Range. If we assume that 1/R <g¢q
< 1/¢, ¢ being Kuhn’s statistical element, we look at what
has been called the intermediate range. In this region of
q the cross term P,,(q) can be neglected, especially if the
sequences are long enough, and we obtain from eq 6

1 _ u'P(g) + v’Py(g)
z(q) nu?v?P,(q)Pylq)

- 2x (12)

This result has to be compared with the intensity scattered
by a mixture of two homopolymers of degree of polym-
erization n, and ny, and of structue factor P,(q) and Py(q).
Applying the formula® of de Gennes, we obtain eq 13 by
using the same notation:

11 1 1
ilq) n(uZPa(q) * UQPb(q)) " @

The two formulas (eq 12 and 13) are the same, which
means that a copolymer at large ¢ behaves like a mixture
of its sequences.

A close examination of eq 12 shows that the scattering
intensity is going to zero with a power law characteristic
of the stat2istics of the polymer. If the chains are Gaussian,
ilg) ~ q™.

We show that for a monomolecular block copolymer the
scattering intensity at ¢ = 0 starts from zero and then at
large q tends to zero with a characteristic power law. These
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results qualitatively indicate that i(g) versus g or ¢ has
to go through a maximum. A classical example of this fact
is the two-block copolymer A-B with u = v = 0.5, which
has a maximum at gR ~ 2 (ref 6).

3. Influence of the Interaction Parameter. All the
results which have been obtained until now are inde-
pendent of the value of x, as long as x is sufficiently small
to keep i(q) > 0.

In order to study the influence of x let us assume that
we know, for a given copolymer, the value of i(g) (for x =
0, i(q) is ip(g)). According to the preceding discussion, iy(g)
has a maximum; its value is m for ¢ = g*, where m = iy(g*).
This allows us to rewrite eq 6 and 7 as

1 1
- = —_— 4
(@) iq) 2 (14)
or
. _ io(Q) ,
i(g) = -5 (14"

One sees first that the position of the maximum is inde-
pendent of x (di(g)/dgq = 0 if diy(¢g)/dg = 0). Its magni-
tude, however, depends strongly on x

(%) = —

i@ = 15— (15)
and goes hyperbolically to infinity when x = x. = 1/2m.
This means that one reaches the spinodal.? The system
becomes totally unstable and a phase transition occurs.
Since the phase transition occurs at ¢ = g* and not at ¢ =
0, it is a special transition where this system goes from an
isotropic liquid to a mesomorphic state. From the above,
obviously, it is sufficient to know i4(q) to be able to discuss
with the help of eq 14 or 14’ the effect of x.

4. Influence of the Solvent. If we introduce a solvent,
the physical problems become much more difficult, be-
cause we deal with a three-component system and we have
to take into account the concentration fluctuations in so-
lution and not only the fluctuation of component a relative
to component b. An elegant method to suppress, or more
exactly to make invigible, these fluctuations consists in
choosing a solvent having a coherent scattering length s
equal to that of the polymer mixture s = au + bv. (This
can be achieved readily in neutron scattering by choosing
as solvent a mixture of hydrogenous and deuteriated li-
quids.) This procedure makes, following eq 30 of ref 10,
I(0) = 0 at any concentration. If, at low concentration, we
define i(g) as in the bulk, we obtain

i(q) = nu®?*[P,(q) + Py(q) -~ 2P4(q)] (16)

which has to be compared with eq 7 in the case where
x=0
P()Pn(q) - Pa*(q)
. - 2.2 a
i{g) = nu®v PQ 1w
Both equations are very similar. We can even show that
they are identical in the case of a symmetrical copolymer
for which P,(q) = Py(q) and u = v = !/,. This means that
in this case the peak has the same shape in bulk with x = 0
and in dilute solution. In fact there are changes of shape
as a function of the concentration and the quality of the
solvent with respect to the different sequences, but we are
not sure that these effects are experimentally observable.
In the general case the only thing which can be said is
that at the limiting cases, bulk with x = 0 and dilute
solution, the initial slope and the asymptotical behavior
are identical. This lets us assume that there is no essential
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Figure 1. Scattering profiles from a mixtue of two symmetrical

two-block copolymers (AB, A;B;; u = u; = 0.5) having radii of

gyration in a ratio of 4.47. The scattering curves have been drawn

for different concentrations, { = v(n, + ny)/[v(n, + ny) + v(ng

+ nbl)].

difference between the symmetric and the general case.

It is known (see above) that when x is in the vicinity of
Xe (xc — x, small and positive) one obtains a very large peak
in the bulk. Its height diminishes when one adds solvent,
and it can be shown!® that this decrease can be described
if we replace x by x¢, calling ¢ the volume fraction occu-
pied by the polymer.

Scattering Intensity of a Polymolecular Block Co-
polymer. Since eq 1 is valid for any polymolecular
polymer, it can be used for any block copolymer containing
only a and b units. In order to discuss the effect of po-
lymolecularity qualitatively we shall consider two cases,
polymolecularity in molecular weights with fixed compo-
sition and polymolecularity in composition as well as in
molecular weight. In this discussion we shall always as-
sume that x = 0 since it has been shown that knowing iy(q)
one obtains very easily i(q) (see eq 14 and 14/, which are
general).

1. With Fixed Composition. Starting from eq 1 we
obtain iy(g) as

. 2P ZvintPy(q) — (ZvnPib(g))®

lolg) = (18)
ZviniZuiani(q)

The scattered intensity is zero for g = 0, which is easy to

understand. At large ¢ if we assume the P, (q) to be

negligible, we find again that the intensity is the same as

for a mixture of a and b homopolymers.

In order to see more clearly what the shape of the curve
is, the case of the two identical block copolymers, u = v =
1oy Prlg) = Py(q), will be considered. In this case the
intensity can be written as

(@) = 1 2vn(Pi(g) - P(g)) (19)
o\qg ) S,
We see that the scattering is just the sum of the scattering
by the different species present in the solution. Each of
them will show a peak for gR; =~ 2. If their radii of gyration
are very different one can obtain more than one peak for
io(g). As an example, Figure 1 shows the value of iy(g) for
a mixture of two polymers having a ratio of their radii of
gyration equal to 4.47 for different compositions of the
system. We see clearly the existence of two peaks.
2. In Composition as Well as Molecular Weight. In
this general case it is difficult to study the complete curve
since its shape depends very much on the architecture of
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each of the copolymers in the mixture. The discussion will

be limited to the value of i(0) summarizing recent results,!¢
We define the following averages:

(w) oy = E0E

uy = —————- u?y = ———

ZV[nL'Z ViniZ

and the quantity (Au?) = (u?) - (u)?. With these nota-
tions eq 1 becomes

16(0) = N, (Au?) (21)

calling N, the quantity 3" »;n?/ Y »n;, the weight average
degree of polymerization.

As soon as the system is heterogeneous in composition
i5(0) increases and can become important if (Au?) is large.
It has been shown,” in the case of a diblock copolymer
where the average length of each block is the same and
obeys a Zimm-Schulz!™!® length distribution, that the
maximum of iy(q) disappears as soon as for each block
N./N, = 2; above this value the curve decreases mono-
tonically when ¢ increases.

Scattering Intensity of a Mixture of a Homo-
polymer and a Block Copolymer. Qualitatively it seems
that if one adds to a copolymer a homopolymer of larger
molecular weight one should have at low ¢ the scattering
of the dilute solution of the homopolymer, therefore, a
sharp decrease of the scattered intensity when g increases.
At large g, the scattering of the homopolymer should be
negligible, and one should obtain the peak characteristic
of the block copolymer.

In fact, this is an oversimplification, and, in order to
study this problem quantitatively, we shall discuss the
following example. A mixture is made of (a) a volume
fraction ¢ of a homopolymer (type a or b) with degree of
polymerization n, and (b) a diblock symmetrical copolymer
with volume fraction 1 ~ ¢ and degree of polymerization
n:

(20)

iolg) =
1 (L 9n(Pu) - Pula) + 2P @) P9 /Pl@)
8 1 + (eny/ (1 = o)n)(Py(q) /P(q))

where Py(q) is the structure factor of the homopolymer and
P(q) is the total structure factor of the copolymer following
eq 4. If ¢ =0, then

1 2¢n,

WO = 5 TF ooy (- oin

(23)

This intensity has to be larger than the intensity at the
peak for the copolymer alone, which is of the order of
1/4(n/2). We have to choose, therefore, in order to satisfy
the inequality

del(ny/n)
1+ (/1= e)ng/n)

On the other side, (¢ny) /{1 — ¢)n) has to be of the order
of unity in order for the copolymer effect to be seen. This
gives ¢ a rather narrow bracket in the vicinity of
¢ ~ (n/ngy). As an example, parts a and b of Figure 2 give
io(q) for the case ny, = 20n and different values of ¢. One
sees, as predicted qualitatively, a curve presenting a min-
imum and a maximum (the best one for ¢ = 0.8n/n;). In
other cases one has either a maximum or a continuously
decreasing curve. The same behavior as above has been
observed by a mixture of two block copolymers of the same
molecular weight but different composition.” These two
examples show that it is possible, from a theoretical point
of view, to prepare mixtures of copolymers and homo-
polymers with almost any desired scattering shape.

>1 (24)
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Figure 2. Scattering profiles from a mixture of a two-block
copolymer AB (u = 0.5) with a homopolymer, having radii of
gyration in a ratio of 4.47. The scattering curves have been drawn
for different concentrations ¢: (a) ¢ = 0.0-0.1; (b) ¢ = 0.1-0.9.

Phase Separation Behavior of Block Copolymers.
With eq 14 or 14/, it is possible to describe the phase
separation behavior of the block copolymers when x in-
creases from zero to the critical value, x, = 1/2m, where
the scattered intensity becomes infinite and the system
reaches the spinodal and phase separates. In a monomo-
lecular block copolymer where there is a maximum g* = 0
(Figure 4a), the phase separation leads to a mesomorphic
state with two phases present, one liquid and one meso-
morphic. However in a polymolecular block copolymer
when x increases, the scattered intensity for some cases
becomes infinite first at ¢ = 0, which means that we have
a classical liquid-liquid phase separation. The above ar-
guments predict the formation of the two phases, but a
more rigorous analysis is required to determine their exact
composition. The phase separation of a polymolecular
block copolymer could be compared to a kind of frac-
tionation in the bulk since it leads to two liquid phases.
A combination of the above two cases could be present in
one single system. Figure 3a represents a typical example
where it is possible that I;(0) = I(g*) = m, which will lead
to three phases in equilibrium: two liquid and one me-
sophase. And a last, more general (but not least) case is
represented by Figure 3b, where I(g*) = I(g**) = m, with
which we should obtain four phases in equilibrium: two
liquids and two mesophases. These conclusions are
speculative, but it should be possible to see them verified
experimentally. Already observations in the mesomorphic
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Figure 3. Schematic representation of scattering profile: (a) from
a mixture of a two-block copolymer and homopolymer with { =
0.049 where 1(0) = I(¢g*) = m; (b) from a mixture of two two-block
copolymers having u = u; = 0.5 and r > r; with { = 0.047 where
I(q*) = I(ql**) =m.

state proved the existence of the two mesophases in one
case and the liquid and mesophase in another.!?

Laws of Scattering and Properties of Block
Copolymers Having a Large Number of Sequences

General Scattering Laws. As was mentioned in the
Introduction, we will discuss the scattering behavior and
the properties of multiblock copolymers made of two types
of monomeric units, A and B. We consider three different
architectures: (a) a copolymer made of N identical A and
B sequences alternately attached to one another in a so-
called “linear” structure, —(A-B)x—; (b) a copolymer where
the backbone is made out of the B sequences and the A
sequences are laterally equally spaced, the so-called “comb”
structure, —(B(-A)),—; (¢) and a block copolymer with each
branch made out of an A-B block copolymer the “star”
structure, (B-A)\—.

Each sequence A and B is made of n, and n, monomer
units, respectively. The quantities u = n,/(n, + ny) and
v = ny/(n, + ny) characterize the composition of the
building sequence A-B, a measure of the relative length
of the blocks and the total composition of the block co-
polymer. In order to calculate the scattering intensity, 1(g),
from the above architectures, the first step is to evaluate
P,(q), Pp(q), PAg(q), and P(q) as a function of the structure
of the blocks and the number N. The above exercise has
been done at least partially by different authors,24#12 but
we have made the calculation in a more systematic way:
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the details of the calculation are given in Appendix I; here
we will give only the results. In the calculation we assumed
that there are no correlations between the orientations of
the blocks, and in the first step we assumed nothing about
the statistics of the blocks. For the “linear” —(A-B)y— block
copolymer we obtained

1-xN
N?Py(q) = NPy(q) + 2Aa2(Q)xb[ -2 U ) (25)
N 1-xN ]
N2Pg(g) = NPy(q) + 2Ab2(<1)xa[ -2 (<) | (26)
N2P,p(q) = _
1-xN 2 1—xN
Aa(Q)Ab(Q)[ T+ 71 _x(N— 1= ) @n

For the “comb” —(B(-A))»— block copolymer we obtained

N 1- be
N?Py(q) = NPy(q) + 24,2(@)x| = % (L= )
— 4p
(28)

N 1-xV
N*Py(g) = NPy(g) + 2Ab2(q>[ - (—1—’;—3 ] (29)
— 4Ap

N®Pyg(q) =

_bN 2

i 2N Rl I
1—xb 1—xb _1—xb ( )

For the “star” (B-A)y— block copolymer we arrived at
N?PA(q) = NP,(q) + N(N - 1A, X(q) (81)

N?Pg(q) = NPy(g) + N(N - DAXg)e ™ (32)

N?P,5(q) = NA,(@)Ay(g) + N(N - 1)Aa(Q)Ab(q)e'q2"«2
(33)

In eq 25-33 P,(g).and P,(q) are the structure factor of each
block, and their definition is similar to the one given in
the eq 2, where i is either a or b and the sign { ) indicates
that the quantity in the bracket has to be averaged over
all conformations and orientations. The quantities A,(g)
and A,(qg) are defined as

A(q)Ap(q)

1 M

Alg) = — Zl (exp(=idFy,)) (34)
a J=
1 ™

Ay(g) = ™ El (exp(~idry)) (35)

The vector 7; joins one end of the block to an arbitrary
point. Moreover

Xy = {(exp(~igFi,)) (36)
Xy = (exp(=igFin,)) (37)
X = XgXy (38)

71, is the vector joining the ends of a block. These general
formulas, eq 25-38, are valid for any structure of the blocks
A and B.

In order to calculate the scattering intensity from a
multiblock copolymer with a specific architecture, one has
to specify more precisely the model to arrive at explicit
results. We shall envisage two models, the Gaussian one
where we assume the segments A and B to be both
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Table 1
Radii of Gyrations for the Three Architectures in the Monomolecular Case for the Gaussian (F-F) and Semiflexible (R-F or
F-R) Model®

A-B linear —(A-B)y~

comb —(B(-A))p—

star (B-A)\~

F-F RAZ = N(r.z + rbz) - rbz/N
Rg? = N(r2 + nd - r2/N
Rup? = (12 + (N + 1/2N)
R-F R2=(RY/12ZN)QIN-1)N+1) +
R/ N(N? - 1)
Rg? = (R?/6)(N - 1/N) + Nr?
Rup? = (R¥/12)CN +1/N-1) +
(N + 1/2N)r,?

RBZ = Nrb2

RB2 = Nrb2

F-R

Ry = (3-2/N)r2+ (N - 1/N)r,?

Rag? = (/) rl2+ (N + 1/2N)r?
R\ = (B2/12)(4 - 3/N) + (N ~ 1/N)ry?

Rus? = RE/6 + (N + 1/2N)r,?

R\t = (3-2/N)r,?

Rg? =6(1-1/N)r,2 + (8- 2/N)r,?
Rap? =3(/y - 1/N)r2 + 3/o1?
R,I = (RY12)(4 - 3/N)

RB2 = (3 - 2/N)rb2 + (1 - I/N)ny
Rup? = (/r? + (/3 - N/2)R?

Ra2 = (3-2/N)r?
Rg? = (R2/12)(4 - 3/N) + 6(1 - 1/N)r,2
Rug? = 3G/5 - 1/N)r + R%/6

°F = flexible; R = ridig. R is the radius of gyration of the rigid block, and the other symbols are as defined in the text.

Gaussian, and the semiflexible one, where one of the blocks
is rodlike® and the other Gaussian. For the Gaussian
model, we shall distinguish two cases. For one case, where
the blocks are monodisperse, we have the following func-
tional dependence for P,(q), Py(q), A.(q), Ap(q), *, x,, and
Xpe

2
Py(q) = S 2(g%r? - 1 + &) (39)
a
Pilg) = qf: 1(gn?2 ~ 1 + e (40)
b
1 - _q2712
Ayg) = _q—’:'T (41)
a
— g o'’
Ap(g) = l—q‘f;z—‘ (42)
b
x = e‘qz(f52+’b2) (43)
X, = PRacY (44)
Xy = e-q2rb2 (45)

where r, and ry, are the radii of gyration of the blocks A
and B.

In the case where the blocks are polymolecular,?? as-
suming a Zimm-Shultz!"!® distribution (see Appendix II),
we have

P@) = (g2 -1+ (L + @)Y (46)
qTr,
Py@) = —o= (@~ 1+ (L + ngPr) V) (4)
qTy
A = ——L- 1+ DY) 48)
q%rs?
Ayg) = ==L - L+ g (49)
qzrb2
X = X% (50)
x, = (1 + eg?r D)V (51)
xp = (1 + ng?rpd)l/7 (52)
M. 1+ 53
i) Tl (53)

1+ 9 (54)

—

XX

S~
n

where ¢ and 5 are the classical heterogeneity parameters.

For the semiflexible model where half of the blocks are
rigid, the possibility of using the random phase approxi-
mation!®*® is questionable because of the orientation
correlation of neighboring rods; however, with our ap-
proach we are able to calculate the scattering intensity.
This has to be done cautiously because the dependence
of the mutual orientation of the rods is not taken into
account. We believe that if the rodlike segments are short
and imbedded in a sufficient amount of soft segments the
error is not large and the formulas below can be used. For
instance if the block A is a rigid rod with length &, and
the B block is Gaussian, we have

2 %% sin x sin (qR,/2) \°
P.(q) = dy - | ——22 55
@ qﬁaj(: x X ( qR./2 ) (5

1 9% gin x
Ayq) = f dx (56)
0

qR, X

sin ¢ A,
Xy =
qR,

For the B block, since it is Gaussian, the same formulas
apply: eq 40, 42, and 45 for the monomolecular case and
47, 49, and 52 for the polymolecular case. The definitions
of ng, ny, u, and v in the semiflexible model are not ab-
solutely straightforward. These quantities do not appear
in the form factors P(q), Pg(q), and P,g(q), but they
appear in P(g) as well as in the front factor (see eq 58).
We could define n, as the number of monomers of the
Gaussian chain which occupy the same volume as the rod.
In fact, we assumed in these theoretical calculations that
n, = R,/ ¢, calling ¢ the length of the statistical element
of the Gaussian chain and © = r2/(r,2 + r,2) oru = n,/
(n, + ny).

Scattering by Monomolecular Multiblock Co-
polymers. 1. Behavior of Small Angles. We have seen
in the first part and from eq 11 that i(g) could be expressed
at small q for the multiblock copolymers as

2

i(q) = nNuZUQ%I:2 (58)

(87)

where L? is the distance between the centers of mass G,
and Gg. In what follows, we are going to see how this
quantity, L?, which is the initial slope of i(q) versus g2,
depends on N. In Table I we present the results of the
radii of gyrations, R,?, Rg?, and R,g?% of the block co-
polymers having the three architectures and for the
Gaussian and semiflexible models. From the values R,2,
Rg? and R,g? (Table I) and eq 10 we find, for the Gaussian
model and all three architectures, that L2 has the value
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[*= %(rﬁl2 + 2 (59)

where 7,2 + r,2 is the radius of gyration of the sequence
A-B. Inserting eq 59 into eq 58 shows that the scattered
intensity is independent of N

i(q) = %nuv?g(r? + rp?) (60)

Therefore, the initial slope should not depend on N. In
fact, this is not observed (Figure 4a) and has to be related
to the anomalous behavior of P,(q), Pr(q), Pag(q), and P(q)
for g = 0. These quantities can be written for small angles
as 1 - (N/3)q*(r? + r,2) and have an infinite initial slope.
The correct value is given by the use of the asymptotic
limit of eq 64 for N — «

i(q) = Yenuq?(r? + rp?) (61)

which differs from eq 60 by the numerical factor 4.

2. Influence of the Number of Repeat Units N. The
intensity scattered by the system depends on the number
N. In order to see what this means physically, we shall
assume that we have a constant number of monomers in
the scattering volume or that the density of the system
does not depend on the degree of polycondensation.
Writing again eq 1, assuming that the number of segments
is constant (Nvn = const), one obtains the scattered in-
tensity per monomeric unit:

NI[P,(q)Pg(q) - Pap*(q)
io(q) = nutv? Alqg 2B AB~(q)] (62)
u?Ps(q) + v?Pg(q) + 2uvP,sp(q)
There, if we keep the molar mass of the monomer constant,
we plot the quantity

()
Yig) = = (63)

as a function of g(r?)Y/2, calling {r?)!/2 the square root of
the radius of gyration of the building sequence A-B, and
we see how the scattered intensity depends on N. In parts
a, d, and g of Figure 4 we present the results for the three
architectures: linear, comb, and star, assuming u = v =
0.5%% and a Gaussian model. Very rapidly the intensity
(Y(q)) becomes independent of N reaching an asymptotic
value. We see that the peak, well known for N = 1, stays
around g{r?)!/2 ~ 2. Its shape is slightly modified and very
rapidly reachs a constant form after a few decades of N.
It is possible to obtain the equations giving the scattering
intensity at the limiting case N — «. The results for the

linear block copolymer are
1-e™)(1-eV
( )1 - e™) ] 60

2
@ = [ 2

Auv  AZy2p? 1-e>

where A = (g2¢%)((n, + ny)/6). From Figure 4a and the
above relation (eq 64), we conclude that as soon as N is
large the scattered intensity does not depend any more on
N. In Figure 5a we plotted the scattering intensity for
N — =« as a function g(r?)!/? for different values of u
(0 < u < 0.5), this is sufficient since eq 64 is symmetric
inu and v = (1 - u). In the comblike copolymer we have
also calculated iy(q) for N — =

. 2 1 e
= “{1- +
tolq) nuv[ )\( Au )

uf 1-e™ Y e 1
x( Au )(1—e-*v_>\u)](65)

and present its variation as a function of q(r?)'/2 for dif-
ferent values of u (0 < u < 1) (Figure 5b) since, in the case
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limiting case N — « as a function of u: (a) linear and (b) comb
block copolymer.

of comblike architecture, we do not have symmetry. For
u = 0.5 Figure 4d shows that the difference between the
curves N = 1 and N = « is much smaller than in the case
of the linear copolymer. The height of the maximum
decreases only slightly with NN, and its position is going
toward larger g. We derived also the equation in the lim-
iting case N — « for a starlike structure:

iolg) =
AZ(@)Py(q) + A(@)P,(q)e™ —~ 24,%(q) A2 (g)e™

A1 -e™)?

nulv?

(66)

This is not very meaningful since the radius of the chain
does not become infinite, and this does not allow enough
room for the segments. For the semiflexible model when
N — = and for u = v = 0.5, the results are almost similar
to the ones depicted in parts a, d, and g of Figure 4. The
only small difference is at the high ¢ region where the ¢
dependence of the P,(q) rigid block is different from that
of the Py(q) flexible block.

3. Influence of the Composition u. One sees clearly
in Figure 4b (linear Gaussian case) that when u decreases
the maximum becomes less pronounced. This is due to
the fact that when n, decreases the structure factor P,(q)
goes very slowly to zero when ¢ increases. At very low
values of n, (u = 0.001) the scattering intensity reaches
a limiting value at high g range, Figure 4b. Another way
of looking into the composition influence on the scattering
intensity is in Figure 5a, where we have plotted for N —
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the limiting scattering intensity given by eq 64 for different
values of u (0 < u < 0.5) as a function of \I/2 = q(r2)1/2,
Regardless of the value of u one observes the same general
behavior. It is only for very small values of u that the
maximum moves to larger values of A and becomes less and
less pronounced. It is easy to see what happens if u is going
to zero (let us say it is of the order 1/n). In the range of
A where e vanishes and e™ is equal to 1 eq 64 can be
written as

(67)
In order to see the physical meaning of this equation we

go back to I(g), the total intensity scattered by the v chains,
obtained with u = 1/n:

io(q) = nu?

Ig) = v = M )
calling M the total number of blocks v in the system. This
has been observed by de Gennes!® for diblock copolymers
and is generalized to multiblock copolymers, showing that
in this case the scattering can be evaluated as if these
segments are a perfect gas of independent particles. The
limiting intensity (Figure 4b) at large q is proportional to
the molecular weight of the block copolymer (e.g., 67 and
68). The same behavior is observed for the two other cases,
comb and star Gaussian, when u — 0.001. In the comblike
architecture for u < 0.5 (Figure 4c), the maximum of the
intensity decreases. For u > 0.5 (Figure 4¢), the intensity
increases when N — «. For large u, this height increase
is much less and the position of the peak is practically
invariant. There is a large difference between the cases
where u « 1 and v « 1; they correspond to two different
architectures. For u « 1, the side chains are very small
and there is similarity with the linear copolymer; for
v « 1, the backbone is short and the molecule is similar
to a star copolymer. We observe always an increase of the
maximum in the starlike architecture when N — « but a
faster increase for u < 0.5 (Figure 4f) rather than for
u > 0.5 (Figure 4h). The above observations of the max-
imum intensity have implications on the phase behavior
and miscibility of the multiblock copolymers, as we will
see below. Another model we shall discuss is the semi-
flexible one in which one of the blocks is rigid. All the
main features observed in the preceding cases are un-
changed with some minor differences at the high ¢ range
due to the fact that the functions of P,(g) (rigid blocks A)
and Pg(q) (flexible blocks B) do not obey the same power
law. One interesting result is that for ¥ = 0.99 in the
linear-like and u = 0.9 in the starlike architectures one
obtains, as soon as N is larger than 2, a succession of
oscillations due to the sin x/x factor (Figure 6a). This
is very interesting because it shows that even in an iso-
tropic liquid one can obtain a scattering intensity behavior
much more sophisticated than expected, which could be
easily interpreted by a crystallographer as a system par-
tially crystallized.

Scattering by Polymolecular Multiblock Co-
polymers. Since the scattering intensity of a multiblock
copolymer is essentially the same as the diagram of a di-
block copolymer, all that has been said about mixtures of
copolymers of the same composition and mixtures of a
homopolymer with a copolymer remains valid. The only
point which has to be added is that in this last case in order
to have a minimum for i4(g) the homopolymer of degree
of polymerization M has to satisfy the inequality M >> n
and not M > nN.

It has been established that i;(q) does not depend on N
(at least when N > 10). The only point which remains to
be treated is the polymolecularity of the length of the
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segments a and b; this leads as a limiting case to the
scattering by a statistical copolymer.’? We show in the
introduction of this section that it is possible to calculate
the scattering intensity from a polymolecular system as-
suming a Zimm~-Schultz'"'8 distribution, in the case of two
block copolymers. Equations 46-54 give the results from
our calculations (see Appendix II) in the case of Gaussian
polymolecular A and B blocks. We define the polymole-
cularity of the blocks A and B by eq 53 and 54 or similarly
by

n

O (69)
n,
n,
P14y (70)
Ny,

n, and n, are the weight average and the number average
molecular weight of each sequence, and ¢ and 5 are
therefore the classical heterogeneity parameters. In the
following the symbols n, and ny, will be used for the num-
ber average degree of polymerization of the sequences as
well as

n

Ny

= — 71
u n, +n, (71)
n
pE —— (72)
N, + n,,
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and n =n, + n,. To take into account the polymolecu-
larity the only thing to do is to replace the quantities e™*
and e by the relations

(1 + Aue) Ve (73)
(1 + Avg)t/m (74)

which are equal to e and e™ for n = ¢ = 0. The above
substitution applies to all equations given in this paper
under the strict condition that the chains are Gaussian.
For instance the limiting linear case for N — «, eq 64,
becomes

Auv 1~ (1 + eAu) V41 + phv) "
(75)

The above equation can be expanded as a function of A,
giving for the first terms

iolg) =
nuzvz[ (e+n) + % (1 - éu—n?v - 3(n + ¢2uv) + ]
(76)

The first term of eq 76 is independent of the shape of the
distribution. The result obtained here is therefore quite
general and can be obtained from the general eq 62 and
the consequent substitution eq 46-54 for the polymolecular
Gaussian case of blocks and eq 25-33 for the three ar-
chitectural structures. One can show then that if N is not
infinite

2[ 1 1=+ w9 - (1 + gho) /)

e+ n+en/N
i(0) = nu?? / (7
1+ (u? + v¥) /N

which reduces to eq 76 for large values of N. If one as-
sumes ¢ = 7 and u = v = 0.5, one obtain

i0(0) = e (78)
8

Regardless of the values of u, v, ¢, and #, the intensity i,(0),
which is zero for a monodisperse system, increases when
e and 7 increase. The initial slope s depends on the shape
of the molecular weight distribution curve. More general
formulas could have been established introducing for each
sequence not only n, and n, but also n,, but this makes
the equations cumbersome and is useless unless one has
to explain experimental results. The initial slope is pro-
portional to the quantity given by

s=1-¢eu-n%v-3n+ e (79)

For ¢ = n = 0 one recovers a known result, the slope is
positive, and when the polymolecularity increases its sign
changes.” This can be considered as a measure of the limit
between systems giving mesomorphic phases and the
classical liquid—liquid phase separation. The equation of
this limit is therefore

Eu+nv+3e+niuv=1 (80)

Assuming v =v = !/, and ¢ = 5 it gives e = n = 0.5. This
means that for ¢ = < 0.5 one has a peak and for e = n >
0.5 the peak disappears. The above result is slightly dif-
ferent from the result obtained by Leibler and Benoit” for
the diblock copolymer since in their case (u = v, n = ¢) the
limit was reached for ¢ = n = 1. It appears that the po-
lymolecularity affects more the multiblock copolymers
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Table 11
Radii of Gyration of the Linear and Comb Multiblock
Copolymers in the Polymolecular Case

Linear
Ri2=NQ1+2/N)r2+ [(N-1/N)/(1 + ¢/N)]r,2
Rp?= N1+ 29/Nyr2+ [(N-1/N)/(1 + n/N)]r2
Rup? = (N1 +3/5(¢/N)) + 1/2N)r 2 + (N(1 + ¥/,(n/N))
R + 1/2N)rb2
L= (N+1/N)r 2+ 1) - (N-1/N)(r,2/(L + 9/N) +
2/ (1 + ¢/N)) + erg? + npr?

Comb
Ri=[(1+e&@B-2/N-2/N)/(1+¢/N)]r,? +
[N - 1/N)/(1 + ¢/N)]ry?
RB2 = N(l + 2n/N)rb2
Rup? =%/, + or2 + (N + 1/2N + %/,mn,2
€= (Mw/Mn)A -1 9= (Mw/Mn)B -1

than the diblock ones. As an example, in parts a and b
of Figure 7 we give the results for a diblock copolymer and
a multiblock one, respectively, withu =v =05and ¢ = 5
= (.5 in one case and ¢ = 7 = 1 in another. The initial slope
is zero for the multiblock copolymer, when M,,/M, = 1.5
(eq 80) and not 2 as in the diblock case.

In parts a—f of Figure 8 we present the influence of
polymolecularity on the calculated intensity for the linear,
comb, and star (four-arm) architectures in the Gaussian
model. We observe that the slope becomes zero for M,/ M,
values between 1.5 and 2.0. In Table IT we present the
values for R,?, Rg? and Rg? in the case of linear and comb
architectures for the Gaussian polymolecular model. Here,
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we do not find a unified L? for the two models since its
value is greatly dependent on the polydispersities of the
two blocks. It is known that the polymolecularity does not
affect the results in the intermediate domain (1/R < g <
1/¢) significantly. This can be checked by the general
formula or its asymptotic form:

2nuv 1 1
—_ — + —_—
A ( 1 A AN )

lo(g) = (81)

If one plots iy(g)™ as function of g2 using the classical Zimm
diagramm, one obtains in the intermediate ¢ range an
asymptotic straight line:

q*e? 11
2nulv? 2nNuv

io(g)! = (82)

12nuv

Its slope, £2/12uv, gives the statistical length of the chain.
Its intercept 1/2nu?? + 1/2nNuv depends on n and N.
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Figure 9. Phase diagram as a function of N for (a) linear, (b) comb, and (c¢) star multiblock copolymers.

If N is very large, the second term disappears and one
obtains r, the number average of the molecular weight of
the sequence A + B. If n is known this gives the possibility
of measuring N, the degree of condensation of the co-
polymer. The above results are valid as well for comblike
and starlike multiblock copolymers.

Phase Separation Behavior of Multiblock Co-
polymers. All the results presented in the preceding
section were obtained assuming that the interaction pa-
rameter x between unlike monomers was equal to zero.
More precisely, what we have plotted on our scattering
figures is the quantity Y(q) defined by eq 62 and 63. If

we now take x into account, the intensity i(q) will be given
by eq 14, or using eq 63 we have

1 1

- = -2 83

@ n¥g X ®3)

By definition i(g) is positive. This implies that
2xnY(g) <1 (84)

For all monodisperse systems which have been considered
in this paper the quantity Y(q) present a maximum m for
a value of ¢(r2)1/2, which shall be called (g(r?)¥/%)*. The
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Figure 10. Plots of (g*(r?)'/?)? versus composition u as a function of N for (a) linear, (b) comb, and (c) star multiblock copolymers.

condition of existence of the system in the amorphous
liquid is therefore

2xn < 1/m (85)

If the above condition is not fulfilled, the system cannot
exist as an amorphous liquid and has to be mesomorphic
with a characteristic distance of the order of r*
(g(r2)}/%*q1, (See Figure 10a—c for (g(r?)!/?)* as a
function of u.) In fact, this is only a rough assumption
because this “mean-field” approach is not valid next to the
spinodal.

In all the different architectures studied the quantity
Y(g) was reaching a value independent of N as soon as N

was above approximately 20. This shows that the stability
condition is independent of N and that the parameter
governing the system is xn and not xN. This had to be
expected. It could explain the interest of the multiblock
copolymers. For these systems one can achieve compat-
ibility between the blocks and keep the advantages of a
large degree of polymerization.

1. Phase Diagram of Monomolecular Copolymers.
It is possible, as pointed out by Leibler,® to determine the
spinodal from eq 83 and from there the phase diagram for
multiblock copolymers. In parts a—c of Figure 9 we present
the phase diagrams for the three architectures, linear,
comb, and star, and for the Gaussian model. The phase
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diagrams for the semiflexible model have also been cal-
culated, but they are not presented here mainly because
they have the same features as the Gaussian model. We
observe in the linear case (Figure 9a) that when N increases
the system becomes more miscible, but this effect is rather
small. In the case of the binodal a similar result can be
obtained by using the equations established by S. Krause,®
which show also that when N is large the binodal becomes
independent of N. The phase diagram in this case is al-
ways symmetric around the minimum, which is at u = 0.5.
In the comblike case (Figure 9b), we also observe an in-
crease of the miscibility when N — «, but the minimum
of the phase diagram moves from u = 0.5 for N =1 to
higher values of © when N — «. This phase diagram for
starlike block copolymers (Figure 9¢) has been reported
earlier.!! Contrary to the previous examples, here, when
the number of arms increases, the system becomes less
compatible and more so for u < 0.5. This behavior lets
us speculate that, in the case of network synthesis where
the cross-linking material is different from the chains and
small in quantity, u < 0.1 could lead to phase separation
of the junctions at the different states of the reaction, thus
producing an inhomogeneous system regarding the cross-
links.?* It has been shown by Leibler® that the minimum
of the phase diagram corresponds to the point where the
spinodal and the binodal are tangent and that it is
therefore a critical point. We see that the critical point
for the comb (Figure 9b) is found at u = 0.58, and the
corresponding xn = 10.8, which is slightly higher than the
value for the diblock A~B (xn = 10.5). It is also interesting
to point out that the critical point in the comblike struc-
ture moves from u = 0.58 for N = 2 to higher values of u
for N — =, and also the value of xn tends to become
higher.

2. Phase Diagram of Polymolecular Copolymers.
As long as the polymolecularity is limited, it changes
mainly the intensity at very low g values and does not
affect the maximum. When it increases the maximum is
shifted toward small ¢ meaning, that the characteristic
distance r.* increases (which is difficult to understand for
the diblock copolymer). For large polymolecularity the
maximum is obtained for ¢ = 0. Equation 77, established
for the linear copolymers, is valid for any structure; com-
bined with eq 83 it yields

n o
LERA Y [ (86)
277Xc nna nnb

We see also that x, does not depend on N. This result is
not in contradiction with what has been said in the first
part. One can say that (An?) is proportional to 1/N, which
eliminates N. In conclusion, a polymolecular copolymer
can always be made self-compatible, which means that it
has only one phase in the bulk if the average length of the
sequences is short enough.

Scattering from Other Structures. Another model
which can be used is a succession of objects bonded to-
gether by a free rotating linear chain. These objects are
made of A and B segments but are such that their centers
of mass G, and Gy do not coincide (G,Gg)? #= 0. Such an
object would also give in the bulk a scattering similar to
what has been described. One can guess that this type of
scattering should also exist in networks where there is a
contrast between the junctions points and the chains. If
one could consider the networks as an infinite chain, this
would be rigorous, but the existence of loops makes a
correct calculation very difficult. In fact, early experiences
of Duplessix and Picot?® having cross-links labeled with
deuteriated molecules did show this type of scattering and
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suggest strongly that the explanation we are presenting
here is valid.

Conclusion

In this paper, we have presented the generalization of
what is known on two or three block copolymers to systems
made of a large number of blocks. The main result is that
this number N of sequences does not affect drastically the
thermodynamical properties of the system and its scat-
tering behavior. It shows also that the transition from
isotropic liquid to mesomorphic state should occur at ap-
proximately the same temperature regardless of the num-
ber of sequences.
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Appendix I. Structure Factor Calculations for
Multiblock Copolymers

Since the problem of the calculation of the structure
factor of copolymers has already been discussed many
times, we shall limit this Appendix to a summary of the
method which we have used.

P,(q) and Pg(q) for the Linear Multiblock Co-
polymers. Each molecule is made of N A-B sequences
in which the A blocks are made of n, monomeric units and
the B blocks of n,. The structure factor of P,(q) is

1 n, n, N N
P.(q) = — T T X (EXP(—ia(Fipa_Fip.)»

N?n,? ip,=1 jo,=1 p,=1 q,=1
(A1)

In the expression above 7;, - F;, is the vector joining the
ith monomer of the A block p to the jth monomer of the
A block g. The sign () indicates that the average is taken
over all conformations and orientations.

We now separate the terms for which p = gand p # q.
In the case p = g one obtains the structure factor n,?P,(q)
of one block. When p and q are different one has the same
result for p > ¢ and p < g as long as |p - ¢| is the same.
Therefore we have

P,(g) =
Plo) | 2 s i 7))
N Nn? p<q,  ipe=1 jau=1 (exp(=2q(Fyg, = Tjp,

(A2)

In order to evaluate the exponential term one has to know
the number of monomer units y between ip, and jq,. For
this purpose one refers to the following diagram—counting
i from the right to the left and j from the left to the right.

A 8 A Aq
-— —

One sees immediately that the number ¢ is
v=i+n(g-p-D+mp-qg+j
=i+j+nlg-p-1)+n (A3)

with n = n, + ny. If the chain has y segments, one can
write in the case of Gaussian statistics

e g eHy
(exp(—ig(Fjy, - 75 ))) = exp| - 6 (A4)
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where q is the module of the scattering vector and ¢ the
length of the statistical element. Writing

q2£2
y = exp| -

we obtain for P,(q)

P =2y L SRS )
Ald N N2n i ] p<q Y
The summation on ¢ and j is straightforward
na 1- yn, 1= —-An, q2€2
Zy’ = = € = —
i=0 1-y A 6
This gives for P,(q)
Pa(Q) 2 1-—e™m 2 NN
P = + — iy n(g-p-1) A6
alQ) = — o\ Tom ) Equ (A6)

After making the summation first with respect to p and
then with respect to g, we replace (1 - e™%)/An, by A,(q),
e by x,, and e*®) by x. We then have

N 1-aF
I-x (1-x)*
(A7)

The expression for Pg(q) is obtained by exchanging the
index a by b.

P,r(q) for the Linear Multiblock Copolymers.
With the same notation used previously, the expression
for Pagp(q) is

1 Ny N N

2222 (exp(-iG(Fyp, -

N2n,nyip,ids ps @

N?P4(q) = NP,(q) + 2Aa2(q)xb[

Pyglg) = Fig))) (A8)
Referring to a diagram similar to the one above one sees
that the number y of segments between i and j is given

by

y=i+j+np-q ifgzp (A9)

or

y=itj+np-q-1)
The summation of { and j leads to 4,(g) and Ay(g). To
evaluate the sum over p and ¢, we make a square table

with N lines corresponding to the N values of p and N
columns:

S 1 2 3 4

ifg<p

q * o p e e o N
1 1 y y2 y3 e o 0 yp_1 DY YN-1
2 1 1 y y2 e o o yp-2 * e o yN'z
3 \ 1 1 \ LY yp—3 « o yN'3
4 y2 y 1 1 ¢ o 0 yp—4 . e o yN_4
.
L] L] . L] L] L ] . (]
. L] . . L ] . L) L]
p vp‘2 yD'3 yp_4 yp_s e o s 1 o o yN_p
) . . . . . °
) . . . . ¢ . .
. . . . . . )
N yN-'l yN-2 yN-3 yN-4 e 0 0o o » 1 1

The above table is not symmetrical and can be written as
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T=

CN-1D)+Q@@N-3)y+{2N-(2p+ D}y + .. + yM!

(A10)

or

N-1
=(2N-1) Zy"—2y Zpy”1

p=1
The first sum in the above formula is a geometric series
ayp = §;, and the second is the first derivative of S;(S,
(a/ay)(sl) = Zp=1pyp‘ 1 After straightforward numer-
ical calculations using the notations of eq A7 one obtains

N?Pyg(q) =
* 1-xN 2 1-xN
AQAD T+ AN - T, (A11)

P,(q), Pg(q) and P,p(q) for the Comb Multiblock
Copolymers. Let us consider the following model. All
the B blocks are linearly linked together. The A blocks
are regularly spaced on the B backbone. The evaluation
of P,(q), Pg(q), and P,g(q) does not need any new calcu-
lations. The quantity Pg(q) is the structure factor of the
backbone and could be written by using the Debye func-
tion for it (see eq 40 in text). However, it is more con-
venient to consider it as the asymptotic value of Pg(g) for
the linear block copolymer when the length of the block
A is set equal to zero. Starting from eq A7 we have im-

mediately
1- be
(1 - xb)2

(A12)

The reason we used this function instead of the Debye
approximation is that we need precise information on the
structure of the polymer at the scale of the radius of gy-
ration (ry) of the block B. Moreover if the blocks B are
freely jointed segments at the grafting points this can be
taken into account in this information.

For P,(g) one can use all that has been written for the
linear block copolymer up to eq A3. At this stage ¥ has
to be written as

y=i+tj+mlg-p (A13)

Equation Al3 is equivalent to eq A3 when n, goes to zero.
Then P,(q) for the comb architecture is

N 1- Y
1-x, (1- xb)2
(A14)

The same type of arguments is also valid for P,g(g), for
which one gets

N2P,g(q) =

1—xb 2 l—be
A(q)Ab(q)[ - 1_xb(N— =y )] (a15)

For the star multiblock copolymers the calculation is
straightforward and has been reported earlier.!1:%8

N?Pg(q) = NPy(q) + 2Ab2(Q)[ =

N?P,(q) = NP,(q) + 2A52(q)xb|:

Appendix II. Calculations of the
Polymolecularity Effect

Assuming that all chains are Gaussian, one must, in
order to evaluate iy(q), take into account the polymolecu-
larity in the expressions of N2n,2P,(q), N?n,2Pg(q),
N2n,n,Pap(q), and N3(n, + ny)?P(q). For this purpose one
has to multiply each of these quantities by its probability
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of occurrence and make an integration. Since it was shown
that when N is large the value of iy(q) does not depend on
N, we can replace this number by its average value. We
shall therefore assume that polymolecularity comes uni-
quely from the length of the block or more precisely that
we have a Zimm~-Schultz!7® distribution for each sequence.
We now introduce a reduced quantity u = n/(n}), with (n)
the number molecular weight of one sequence (a or b).
This distribution can be written as

LA
f(u) du = I‘(k)u exp(-ku) du (A16)
where T is the function of the parameter k, which char-
acterizes the width of the distribution f(u)du, the proba-
bility for a molecule to have a molecular weight between
n/{n) and (n + dn)/{n). From the above one verifies that

j; THw) du =1 (A17)
I “nfw) du = (n) (A18)
Moreover
2 fwu? du
oy = <n>=<n>‘f = mEEL (ar9)
(n) f fwu du k

showing that the parameter

e=ng/n, -1 (A20)

which characterizes the polymolecularity as being equal
to 1/k.
We shall need the average value of e™", which is

(e7ny = f flwe™m¥ du = (1 + u(n)e e (A21)

Let us now discuss the estimation of (P,(g)).
Following eq A17-A19

N.znaQPA(Q) =
N
5 nPy(@) + T, (@ndy @+ (A22)
P=1 P q

Since the last term involves a different segment one writes

<N2na2PA(Q)) =
N(nP,(q)) + (n.N,(q))?ZX & 9%,P 9! (A23)
P g

The evaluation of (n,%P,(gq)) has already been done

(RP@) = S[u(ny) -1+ (L+ ulne) Vsl (A24)
i

The same method gives
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(naAdq)) = %[1 S+ alnge) e (A25)

and
o= (1 + p(ng)e) Ve (A26)
Zp = (14 u(ng)e) e (A27)

Here u has been set equal to ¢2£%/6. One sees on this
example that the rule which has been suggested is justified.
It is sufficient to write everything as a function of (n,) or
{ny,) except the exponential, which has to be replaced by
(1 + u(n)eV/<. (It is easy to show that for ¢ = 0 one
recovers e *™.) Since the result is independent of N, it
can as well be used for the formulas extrapolated to
N — o,
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